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Abstract

We study a heterogeneous economy where agents hold cash to insure against consumption risk
and differ in either their matching profiles, discount factors or labor disutilities. For some forms
of heterogeneity, different agent types hold different money balances in equilibrium. This het-
erogeneity generally disappears if nominal interest rates are zero. We then calibrate the model
for the U.S. economy and use it to quantify the welfare cost of inflation. Results are affected by
the distribution of agents’ types and the kind of heterogeneity considered. With heterogeneity in
discounting or disutility, different agents face different - though always positive - welfare costs of
inflation. When agents differ in their matching profiles instead, positive inflation can be welfare
increasing for agents with low consumption risk.
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1 Introduction

A considerable amount of theoretical work, based on disparate modeling approaches, sup-
ports the notion that allocative efficiency in a monetary economy hinges on a deterministic
deflationary policy known as the ‘Friedman rule’, yet in practice deflationary policies are
not implemented and moderate inflation is widely tolerated.

This discrepancy has motivated a vast literature aimed at quantifying the welfare
loss due to positive inflation and recent work in this field has developed within three
strands of literature. The first is based on the representative agent framework of Lagos
and Wright (2005), which displays explicit micro foundations for money but does not
account for heterogeneity in wealth. The second is based on the search model computed
by Molico (2006), in which random matching induces heterogeneity of money balances
that, however, is analytically intractable. The third is represented by several papers that
study monetary economies with heterogeneous agents, but in which money has a rather
“descriptive” role. Among them, Erosa and Ventura (2002) and Albanesi (2007), focus on
models that account for income inequality; Doepke and Schneider (2006) study the effect
of unanticipated inflation on agents with nominal asset positions that differ in terms of
liquidity or maturity; Attanasio et al. (2002) quantify the welfare cost of inflation for
agents that use ATM cards and agents who don’t.

Our work intends to complement these different approaches and investigate how the
very nature of the heterogeneity considered affects the redistributive role of anticipated
inflation. We do so by retaining the explicit micro foundations found in Lagos and Wright
(2005), while enriching the model by introducing forms of heterogeneity that generate
tractable equilibrium distributions of wealth. Specifically, we construct a model where
agents hold cash to insure against consumption risk, trade in large competitive markets,
and are ex-ante heterogeneous in either their matching profiles, discount factors or la-
bor disutility. Analytical results show that different agent types hold different money
balances in competitive equilibrium, unless they differ in terms of labor disutility. This

heterogeneity generally disappears if nominal interest rates are zero.



We then calibrate the model to the U.S. economy and use it to quantify the welfare
cost of inflation. For the representative agent, we find that ten percent inflation is worth
less than one percent of consumption, in line with previous studies such as Lucas (1981),
Fischer (1981) and Cooley and Hansen (1989). Results, however, are affected by the
distribution of agents’ types and the kind of heterogeneity considered. With heterogeneity
in discounting and disutility from labor, different agents face different - but always positive
- welfare costs of inflation. This is due to an intratemporal labor transfer from the
centralized to the decentralized market in the case of different disutility of labor. With
heterogeneity in discounting instead, the reason is heterogeneity in money holdings. The
welfare cost of inflation is shown to be non monotonic in the disount factor due to a trade-
off between intensive and extensive margin induced by changes in the shadow interest rate.

Heterogeneity in consumption risk appears to have a somewhat different impact, as we
find that positive inflation can in fact be welfare-increasing for a segment of the population.
These are agents who have low money balances because their expected marginal benefit
from holding cash is lower than the rest of the population. For these agents, inflation
generates a beneficial redistribution of wealth because lump-sum money transfers more
than offset their inflation-tax burden.

The remainder of the paper is organized as follows. Section 2 presents the model
economy. Section 3 introduces the definition of efficiency considered throughout the paper.
Section 4 derives the stationary monetary equilibrium allocations. Section 5 discusses the
quantitative analysis for the case of a representative agent and for the different types of

heterogeneity studied. Section 6 concludes.

2 The model

We describe a spatially separated economy in which money has an explicit medium of
exchange function and there is no role for private credit. The model builds on Boel and
Camera (2006), which is based on Aliprantis et al. (2004), Kocherlakota (1998), Lagos
and Wright (2005) - henceforth LW - and Townsend (1980). Time is discrete, starts with



date 1 and the horizon is infinite. There is a population X = N of heterogeneous infinitely-
lived agents who want to consume perishable goods and discount only even to odd dates.
Thus, as in LW, we work with trading cycles indexed by t = 1,2, ... each including an odd
and an even date. As in Townsend (1980) there are infinitely many spatially separated
trading groups, each of which defines a competitive market. On each date, every market
includes infinitely many anonymous agents who have never met before. Thus, in each
trading cycle each agent visits two anonymous markets, denoted ‘one’ in the odd date
and ‘two’ in the even. Trading groups are formed by a matching process that repeatedly
partitions the population into disjoint sets of agents. For details, see Boel and Camera

(2006).

2.1 Preferences and technologies

Dates differ in terms of agents’ preferences and economic activities, as in LW. Odd dates
are characterized by idiosyncratic trading risk as an arbitrary agent either works but does
not wish to consume, or consumes but cannot work, or is idle, i.e., he neither wishes to
consume nor is able to work. We call these ‘trading frictions.” Everyone can work and
consume on even dates.

Agents draw i.i.d. trading shocks at the start of each odd date. Those who are
not idle either wish to consume or are able to produce, states that are assumed to be
equally likely and mutually exclusive. Hence, on odd dates each agent faces idiosyncratic
consumption risk, but on even dates everyone can produce and consume. Agents are
heterogeneous in the first market. We assume two types of agents j = H, L in proportions
p and 1 — p. Agents can alternatively differ either in their trading shocks, discounting or
the productivity of labor.

On each date, a single perishable good can be produced. Sellers can supply any positive
amount of labor and can access a technology that transforms each unit of labor into one
unit of consumption goods. As in LW, it is assumed that preferences on even dates are
quasilinear U(q;) — x; for every agent type j. The first term denotes the utility from

gj > 0 consumption and the second term is disutility from supplying z; > 0 labor. Odd



date preferences are as follows. A consumer derives utility u(c) from consuming ¢ > 0 of
someone else’s production. A producer of any type j suffers ¢; (y) disutility from supplying
labor to produce y goods. The functions u, ¢ and U are twice continuously differentiable
with u' >0, ¢' >0, U’ >0, v <0, ¢/ >0 and U” < 0. Also, u(0) = U (0) = ¢(0) =0
and let ¢* and ¢* be the solution to u’ (¢*) = ¢/(c*) and U’(¢*) = 1 respectively.

As is standard in monetary models, we assume limited enforcement and limited com-
mitment. This simply means that agents have exclusive rights to their assets and endow-
ments, and their actions cannot be subject to retribution, so that trading plans must be
compatible with individual incentives. This together with the market frictions assumed
above implies an essential role for money (see Huggett and Krasa (1996) and Kocherlakota
(1998)) since on odd dates trade is quid pro quo but consumers cannot produce. Thus, a
consumption shock on odd dates corresponds to a need for currency.

We assume a government exists that is the sole supplier of fiat currency, of which there
is an initial stock M > 0. We let the money stock evolve deterministically at gross rate m

by means of lump-sum cash transfers at the beginning of even dates.

3 Efficient allocations

Consider the allocation selected by a benevolent planner who maximizes the agents’ life-
time utilities treating agents identically. The planner is subject to the same physical
and informational constraints faced by the agents and therefore can observe neither types
nor identities. So, the planner can just propose a type-independent consumption plan
in each trading cycle without having the ability to transfer resources across agents over
time. Equivalently, the planner maximizes expected utility of the arbitrary agent on each
date. The solution to such a sequence of static problems is called a constrained-efficient
allocation. It corresponds to the outcome arising in each market if traders can coordinate
and commit to a plan ex-ante before realizing their individual shocks, and it is stationary

across trading cycles. For details, see the Appendix .



4 Stationary monetary allocations

We focus on stationary monetary outcomes in which consumption is invariant across
trading cycles and the sequence of nominal prices evolve so that the money stock has
constant positive real value.

Due to stationarity, we simplify notation omitting ¢ subscripts and use a prime su-
perscript to identify next-cycle variables, when necessary. Accordingly, we let p; and ps
denote the nominal price of goods on odd and even dates of an arbitrary trading cycle
t. In addition, we find it convenient to work with real variables normalizing all nominal
variables by po, so that market one trades occur at real price p = %' In this manner, the
timing of events during cycle ¢ for an agent of type j can be discussed as follows.

The arbitrary agent of type j enters cycle ¢ with real money holdings m; > 0, carried
over from the preceding cycle. Subsequently, trade occurs and after market one closes the
agent enters market two on the even date with real money holdings m; where k = n,s,b
denotes the trading shock experienced in market one. Here, n identifies an agent who was
idle, while b and s identify a buyer and a seller, respectively.

Money holdings evolve within the cycle as follows:

mjy = Mj — Pc;
Mj.s = Mj + py; (1)
Mjn = My
That is, buyers deplete balances by pc; while sellers increase them by py;. Cash left over
is used to trade in market two, when the real price is one, ¢; is consumption bought and
xj ) is production sold by an agent who experienced shock & (the notation ¢; is without
loss in generality, as we later show). In market two, agents also choose their savings. Let

m; > 0 denote the real values of the agent’s money holdings at the start of next trading

cycle (multiply by p, or 1% to get the current nominal or real values).

In a stationary monetary economy real money holdings must be positive and constant.

Therefore, in the remainder of the paper we focus on outcomes such that m; =m;. If M



is cash at the start of a cycle and M’ = wM is cash available in market two, then
/ M/
2_— =r, (2)
p2 M
i.e., in a stationary economy aggregate real balances are constant so the inflation rate
equals the rate of growth of money. This rate is controlled by means of per-capita lump-

sum transfers 7 in market two, so the government budget constraint is

7= [pmu + (1 — pyma(r — 1) (3)
Stationarity and money market clearing imply that real balances available in market
one must equal the money stock at each date, i.e.

M= pmy+(1-p)my. (4)

4.1 Even dates

Given the recursive nature of the problem, we use a dynamic programming approach to
describe the problem faced by the representative agent of type j at any date. We let
Vj(m;) be the expected lifetime utility of this agent when he starts the trading cycle with
m; before trading shocks are realized. We also let W;(m; 1) be the expected lifetime utility
from entering an even date with myx. For the moment, suppose 5; = (3 for j = H, L.

The agent’s budget constraint at the start of an even date is:

Tjk = qj +mmj — (mjp +7) ()

The resources available to the agent in market two partly depend on the realization
of the trading shock k, as he has m;j real balances carried over from market one. Other
resources are x;j receipts from current sales of goods and the lump-sum real balances
transfer 7.2 These resources can be used to finance current consumption qj, or simply

!/

to carry T

real money balances into tomorrow’s markets (short-selling is not allowed).

The factor m = % multiplies m; because the budget constraint lists current real values.

*Notice that ;1 > 0 so we must verify that this is true for all k¥ in equilibrium.



Notice that savings depend on the expected rate of return on cash since agents can
save only with money and cannot lend to each other.
The agent’s problem at the start of an even date can be represented as follows:
Wi (mj) = max {U(g)) — qj — mm; +mjp 41+ BV;(m})} (6)
VRULY =
It follows that in a stationary monetary economy

8”{;;2?2’“) —1 forj=H,L (7)

The result hinges on the linearity of production disutility and the use of competitive
pricing, linear in the quantity sold. It follows that the marginal value of money must
simply reflect the price of real balances, which is one. The economic implication is the
marginal valuations of real money balances and bonds in market two are identical and do
not hinge on the agent’s type j, money holdings m; or trading shock k.

The model allows us to disentangle the agents’ portfolio choices from their trading
histories since

Wi(mjk) = W;(0) + myg, (8)

i.e., the agent’s expected value from having portfolio m;j at the start of an even date is
the expected value from having no wealth W;(0), letting m; = 0, plus the current real
value of wealth m ;. This implies agents of identical type exit an even date with identical
money holdings m;, independent of their trading histories, much as in [22]. However,
different types might choose different money holdings, as we demonstrate next.

Start by observing that by (6) we have
¢j =q" for j=H,L. 9)

That is, everyone consumes the same amount ¢* independent of his money holdings. The
reason is agents in market two can produce any amount at constant marginal cost.
Given (9) we write

W;i(mj,) =U(q*) —q¢* +mjp + 7+ max [—mm; + BV;(m])]. (10)

J



The central implication is the agents’ lifetime utility and the efficiency of the decentralized
monetary solution will hinge on the trades that take place in market one. Since these
depend on the availability and the liquidity of financial resources, then we expect that
efficiency will impinge on the agents’ portfolio decisions m; This is studied next.

Given that we are focusing on monetary outcomes, i.e. m; > 0, we must have:

B vym))

1
T am;

(11)

Recalling that one unit of real balances buys one unit of consumption, the left hand
sides of the expressions simply define the marginal cost of assets. The right hand sides
define the expected marginal benefit from holding money discounted according to time
preferences and inflation. Since agents are heterogenous, it follows that the expected
benefit of holding money balances will generally differ across types j. To see how, we

must study trades on odd dates.

4.2 0Odd dates

Consider an agent of type j with m; at the start of an odd date. For a moment, consider
that this agent may differ from other types in more than one dimension, trading shocks,
preferences or discount factors. The expected lifetime utility of agent j entering a period
with m;, in this general case, must satisfy

Vi(mg) = max_ i mi) 5 [ule;) + Wj(my)]
’ (12)

+maxy, F[=;(y;) + Wj(mj.e)] + (1 = a)Wj(mjn)
The agent maximizes his expected utility by choosing consumption of specialty goods c;
as a buyer and his production y; as a seller.

Clearly, in an optimum a seller’s choice of production must satisfy

"y =0. 13
](y]) + 8mj75 ayj ( )

Since %ﬁj’s) =1 from (7), %n—y’;s = p from (1), then
¢j(y;) = p- (14)



Now consider a buyer. Let A; > 0 be the multiplier on the budget constraint. Recall from
(1) that m;; depends on ¢;. Then, the first order condition for the buyer’s problem is

8Wj (TTLij) 8mj7b _
8mj,b aCj

ul(Cj) + )\j =0.

BW]' (mj,b)

Since

=1 from (7), 8(7;?’1’ = —p from (1) and p = ¢(y;) from (14), the first
order condition becomes

u'(cj) =p—|—)\j. (15)

If the constraint is not binding, then A\; = 0 and u/(¢;) = qb;(yj) The buyer consumes c*
and spends the efficient amount of cash m* = ¢*. If the constraint is binding, then \; > 0
and v/(cj) > ¢;(yj). The buyer j consumes c¢; < ¢* and spends ¢; < m*. Thus, ¢; will
never exceed c¢*. That is,

¢; = min(m;, c*). (16)

To find the optimal cash holdings of an agent j we must calculate the expected marginal

value of holding money, %WZH)' To do so we use (1) and (8) in V;(m;) to obtain
Vi(mj) = myj+ % [(ule;) — pey) + (py; — ¢;(y;))] + W;(0) (17)

where c¢; satisfies (16).

The expected lifetime utility at the start of a period depends on the agent’s real wealth
m; and two additional elements. First, the expected surplus from trade in market one.
With probability «;/2 the agent is a buyer and spends pc; of his wealth on consumption
and gets net utility u(c;) — pcj. With probability «;/2 the agent is a seller, he earns
py; from selling y; and derives a disutility ¢; (yj) from production. Second, there is the
continuation payoff W;(0).

Equation (17) makes it simple to calculate the equilibrium marginal value of money.
Specifically,

OV;(m; ; de;
Tt = 1+ () plg (18)

where 887;1_ = 1% if the agent is liquidity constrained, and zero otherwise. It follows that
J

Vj(m;) is strictly concave in cash holdings if buyer j is liquidity constrained, and linear

10



otherwise:

Vimy) _ 1+ %[u’(cj) —pl if mj <m* 19)
1 otherwise

om;
For a cash-constrained buyer, the marginal value of money depends on the marginal utility
of consumption and it is decreasing in m;, since u//(cj) < 0. If instead an agent is not
cash constrained, the marginal value of money is constant and equal to one, the real value

of one unit of money.

We are now ready to examine different types of heterogeneity

4.3 Heterogeneity in trading shocks

In this section we let agents differ only in the frequency of trading shocks on odd dates.
Type H and type L agents have respectively a probability ay and «aj of meeting a
counterpart, with 0 < a;, < ag < 1. Sellers have identical linear (unit) costs of production
in the first market, i.e. ¢;(y;) = y;. So we set ¢;(y) =y in (12).

We start by finding the relative prices in the two markets. Using (13), (1) and (7) we
must have

p=1 (20)

Indeed, if p > 1 then production would be infinite on odd dates, whereas if p < 1 there
would be no production on odd dates. Thus, in a stationary monetary economy (20) must

hold. Goods market clearing on odd dates then implies
y=pape + (1= plager (21)

Using (19) and (11), given an outcome with m; > 0 the agent’s optimal portfolio

choice must satisfy

5=1+ S (cj) — 1] (22)
The first and the second component of (22) are standard: the discount factor # and the
real yield on cash 1. The third component, which is non-standard, is % [v/(c;) — 1], a

non-negative value since u'(¢;) > 1 from (16). This can be interpreted as the expected

liquidity premium from having cash available in market one and it arises because money

11



is needed to trade in that market. This premium grows with the severity of the cash
constraint and the likelihood of a consumption shock.

Since the net nominal interest rate is equal to 5 — 13, then we can rewrite (22) as
i= F() 1] (23)
We will use (23) extensively in our quantitative analysis.
Goods market clearing on even dates requires

= (1-p)[F(@Ls torp) + (1 —ap)zr,]
(24)

+P[QTH($H,S + :EH,b) +(1- ozH)me].

We can now provide a definition of equilibrium.

Definition 1 Given an initial money stock M > 0 and a government policy specified
by (m,7), a competitive stationary monetary equilibrium is a time-invariant list of real
quantities (cj,y,q, x;k, m;) and cycle-dependent prices (pi4,p2¢) that solve the agent’s
problems (6) and (12), satisfy (20), the government budget constraint (3), and market
clearing (4), (21), and (24).

Policy affects the return of money holdings and therefore agents’ money holdings
choices. Since cash available affect agents’ ability to consume, policy decisions affect the

efficiency of the allocation. The next result immediately follows.
Lemma 1 Let 0 < ap < ag < 1. In any stationary equilibrium we must have m > (3.

Proof By way of contradiction, suppose a monetary equilibrium exists with 7 < . From

(22) we need ™ > B+ f(;/2)[w'(¢;) — 1] > B. This is in contradiction with 7 < 5.1
The lesson here is that the rate of return on money % cannot be excessive in a sta-

tionary monetary equilibrium. Precisely, the upper bound for the return on money cor-

responds to the pure rate of time preference %, i.e., the shadow interest rate. Intuitively,

3This comes from pricing an illiquid bond. See Boel and Camera (2006), LW and Berentsen, Camera

and Waller (2005) for details.
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if % > % then cash pays such a good return that a patient agent would want to keep
accumulating money, which cannot be a stationary equilibrium. Thus, in what follows we

investigate whether there is any 7= > 3 that sustains the efficient allocation.

Lemma 2 Consider m > (3. A unique stationary monetary equilibrium exists and money
holdings are heterogeneous, 0 < mp < mg < m*. Asm™ — (8 we have cg — ¢* and

cy, — c*.

Proof From (22) we know that given an outcome with my > 0 and mz > 0 we must

have:
T= B{l+ %W (cx)—1]}

r= B{+ R () 1]}
Note that m > 3 is necessary. If m > (§ then ¢; < ¢y < ¢* and mp, < myg < m*. As
m — [ then v’ (cg) — 1 and v (cy) — 1. Therefore, my — m* and my — m*. Thus,
the Friedman rule can achieve the efficient allocation. Existence follows from inspection

of the individual optimality and market clearing conditions.H

Lemma 2 has several implications. First, only one steady state equilibrium exists.
Second, type H agents take more money out of the second market than type L agents.
As a consequence, the distribution of money has two mass points, with type H agents
holding more money than type L agents. What is the intuition for this? Type H agents
trade more frequently in the first market. Therefore, they bring more money to insure
themselves against liquidity shocks. Last, both type H and type L agents are liquidity
constrained in the first market so that trades are not efficient, i.e. ¢; < ¢* for j = L, H.
As m — ( all money holdings converge to m™* as agents become indifferent between having
a dollar today or one tomorrow. In this case, trade-frequency considerations do not enter

saving decisions.

4.4 Heterogeneity in time preferences

In this section we consider agents differing with respect to their time preferences f;.

Type H and type L agents discount the future at rate By and [ respectively, with

13



0 < B, < By < 1. Agents have identical probability of trade, i.e. o; = «, and sellers
have identical linear (unit) costs of production in the first market, i.e. ¢;(y;) = y;. The
equilibrium in this economy can be characterized as follows (for full derivations, see [11]).
The expected lifetime utility of agent j entering a period with m; must satisfy (12) given
y; =y for all j.

From the seller’s problem, we know p = 1, and from the buyer’s problem we have

that ¢; = min(my, ¢*). Moreover, goods market clearing requires

yj =y =pcy + (1 —pley for j=H,L (25)

Given an outcome with m; > 0 the agent’s optimal portfolio choice must satisfy

=0 {1+ 5[ (c;) — 1]} (26)

The intuition for (26) is analogous to the one for (22). Since the nominal interest rate for

type j agent is ¢; = 3 (26) can be written as

ij= 2fl(e;) 1] - (27)

We will use (27) extensively in our quantitative analysis. Goods market clearing on even

dates requires

= (1-p)§rs+zrp)+ (1 — )z
(28)

+p[§(@Hs +xap) + (1 — @)zmy).

The definition of equilibrium follows the layout of Definition 1 with the obvious mod-
ification. That is, we must account for equations (25) and (28).

As proved in [11], in any stationary monetary equilibrium we must have 7 > (.
The lesson is that the rate of return on money % cannot be excessive in a stationary
monetary equilibrium. Precisely, the upper bound for the return on money corresponds
to the lowest pure rate of time preference i, i.e., the shadow interest rate. Intuitively,
if % > i then cash pays such a good return that a patient agent would want to keep
accumulating money, which cannot be a stationary equilibrium. The implication is policy

makers are constrained in their ability to give cash a return that is sufficiently attractive

14



for everyone. Thus, inefficiencies are to be expected when saving can only take the form
of cash.

Indeed, in [11] we prove that the allocation is inefficient for all 7 > . The intuition
is that since discounting disparities in equilibrium impose the restriction m > (G, the
more impatient agents tend to under-insure because their shadow interest rate é exceeds
the rate of return on money % This leaves them liquidity constrained in market one,
which creates an inefficiency. Of course, setting 7 — [ leads to a second best (since

mpg — m*).

4.5 Heterogeneity in disutility from production

In this section we consider agents with different and non-linear marginal disutilities from
labor on odd dates. Production of y output generates disutility ¢;(y) with j € {L, H}
and ¢7(y) > ¢y (y). The expected lifetime utility of agent j entering a period with m;
must satisfy (12) given o; = a.

Using (1) and (7), we have that prices must satisfy

p = ;(y;)- (29)

Indeed, if p > (b;-(yj) then production would be infinite on odd dates, whereas if p > qb;-(yj)
there would be no production on odd dates. Note that (29) implies that ¢’y (yy) = &7 (yr)
and therefore y;, < yg since ¢y (yry) > &7 (yr). Since prices are taken as given and agents
of type L face a higher disutility from production on odd dates, their production is lower.

Goods market clearing on odd dates implies:

pya + (1 —p)yr = pea + (1 — p)er, (30)

Given an outcome with m; > 0, the agent’s optimal portfolio choice must satisfy

m=p{1+gh(e) -} - (31)

The intuition for (31) is analogous to the one for (22).

15



Since the net nominal interest rate is equal to % — 1, then we can rewrite (31) as

i = ;—p[u’(cj) — p]. Since equation (31) has to hold for all j, it’s clear that ¢; = ¢ and

therefore (31) becomes
i= 2[(c)—p] - (32)

Therefore, using (29) equation (32) becomes

i= (O~ ) - (33

We will use (33) extensively in our quantitative analysis. Goods market clearing on even

dates requires

= (1-p§@rs+zrp)+ (1 — )z
(34)

+o[§(@Hs +xap) + (1 — @)rH L)

Note that since m; = ¢; = ¢ and yg > yr from (29), equation (5) implies that
THs < XLs, i.e. the labor effort of type L agents in market 2 has to be higher than the one
of type H agents to make up for lower sales in market 1. The definition of equilibrium
follows the layout of Definition 1 with the obvious modifications. That is, we must account
for equations (29), (30) and (34).

In this setting, once again, we get a result identical to that in Lemma 1, i.e., in any

stationary equilibrium we must have m > 3. Therefore, we prove the following result.

Lemma 3 Consider m > (3. A unique stationary monetary equilibrium exists and money
holdings are inefficient, i.e. m < m*. As m — 3 we have ¢ — ¢* where ¢* corresponds to

the allocation chosen by a social planner not subject to informational frictions.

Proof. From (32) we have

i= Z[(c)—p
Moreover, m > 3 is necessary. If # > ( then ¢ > 0, implying ¢ < ¢* and m < m*. As
m — [ then v/ (¢) — p, implying that ¢ — ¢* and m — m*. Thus, the Friedman rule
can achieve the efficient allocation. Note that the Friedman rule is able to achieve the

unconstrained efficient allocation, i.e. the allocation that would be chosen by a social
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planner not subject to informational frictions. Existence easily follows from inspection of

the individual optimality and market clearing conditions.ll

Lemma 3 has several implications. First, only one steady state equilibrium exists.
Second, type H agents take the same amount of real balances as type L agents out of the
second market. This is because agents here are only heterogeneous in their marginal disu-
tilities from production, which are not influenced by the amount of real money balances
agents own. Therefore, both type H and type L agents carry the same real money bal-
ances in the first market. Last, both type H and type L agents are liquidity constrained
in the first market so that trades are not efficient, i.e. ¢; < c¢* for j = L,H. As7® — f3
all money holdings converge to m* as agents become indifferent between having a dollar
today or one tomorrow. Fourth, the Friedman rule allows agents to reach the allocation

that would be chosen by a social planner with no informational restrictions.

5 Quantitative analysis

In this section we parameterize the model and evaluate its implications in terms of welfare
cost of inflation. We start by focusing on a representative agent economy, as this allows
us to determine the value of the preference parameters that are common across agents, as
well as the average value of the parameters with respect to which agents differ. In later
sections we introduce heterogeneity components to the analysis.

As long as we consider a representative agent model, we let o; = a, B; = B and
¢,(y) = ¢(y) for j = H, L. Tt is straightforward to show that in this case the relative price
p must satisfy:

p=¢'(y), (35)

and given m > 0 the agent’s optimal portfolio choice must satisfy

i= (o) — ¢l (36)
Moreover, from (16) we must have pc = m.
We consider the following functional forms: in the first market, u(c) = ¢!=%/(1 — a),

with a > 0 and ¢(y) = % with 6 > 1; in the second market, U(q) = Aln(g), which implies
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q* = A. We consider a yearly model, mainly to facilitate comparison with LW and Lucas
(2000). The annual rate of time preference is r = 0.04. The vector of parameters to
identify is therefore © = (a, 3, a, A, J).

Two parameters can be assigned numbers to quite straightforwardly. Specifically, we
set a = 1% (actually 1.001) and 8 = 0.96.

The remaining parameters require some more thought. For the parameter é we con-
sider two cases. In the first one, 6 = 1 and the disutility of labor is linear, i.e. ¢(y) =y as
in Sections 4.3 and 4.4. In the second case, the disutility of labor is convex as in Section
4.5. As shown in the appendix, the elasticity of the disutility of labor with respect to the
labor effort is equal to § and the elasticity of the labor supply with respect to p is equal
to1— %. Therefore, we can set d to match the average elasticity of the labor supply with
respect to wage in the U.S. economy. However, there is no consensus in the literature over
this parameter and estimates vary depending on the group one focuses on (e.g. men and
women). We follow the estimates provided by Blau and Kahn (2005) and set ¢ to match
the average elasticity of labor supply for men and women in the period 1980-2000. This
turns out to be equal to 0.29, thus implying § = 4.45.

The parameter « is set so that the theoretical elasticity of money demand matches the
estimated elasticity reported by Aruoba et al. (2007), i.e. € = —0.226. In the appendix

we show that €noney demand = 1 2L _ for both the case of linear and convex disutility.

Q2ita)a
Convex and linear disutility of labor imply a = 0.28 and a = 0.38 respectively.

Last, we determine A to fit L = M/PY, where P is the nominal price level and Y
is real output. As suggested in LW and Lucas (2000), L can be interpreted as money
demand because real balances M /P are proportional to real spending Y, with a factor of
proportionality L(z) that depends on the nominal interest rate i. For the empirical L, we

consider U.S. data for the sample period 1929-2005 and we measure ¢ by the short term
commercial paper rate, M by M, P by the GDP deflator and Y by real GDP.> Then,

“See Raj (2006) for a recent study that estimates the coefficient of risk aversion. The mean for a is
~ 1.

SFor 1929-75, the short term commercial paper rate is from Friedman and Schwartz (1982, Table 4.8,
Column 6). For 1976-1996, it is from the Economic Report of the President (1996, Table B-69). For 1997-
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we construct L in the model. In the case of a representative agent, nominal output is
p15c in the first market and p2g® = p2A in the second one. Therefore, overall nominal
output is PY = p1§c + paA. From (4), we know that in equilibrium the nominal money

stock is M = pam, so that normalizing everything by po in the model L becomes:

m
L=_—"
gpc+ A (37)

In the Appendix we derive the theoretical L as a function of the parameters in the cases
of linear and convex disutility of labor. Given the values assigned to «, 3, a, and § we
can pin down A by minimizing the difference between the theoretical and the empirical
L.

In the case of linear disutility of labor we find © = (0.38, 0.96, 1.00, 3.18, 1.00), whereas
when disutility is convex we have © = (0.28, 0.96, 1.00, 1.20, 4.45). The parameter vector
© and the specified functional forms are then used to quantify the welfare cost of inflation,
with a procedure analogous to the one used in LW. Specifically, the welfare cost of inflation
is defined as the fraction of consumption people would require as compensation to make
them indifferent between a steady state with inflation rate v+ = m# — 1 and an identical
steady state with zero inflation.

For the representative agent, the expected utility w, given w > 1 is the sum of the

surplus from trade in the first and the second market, i.e.,

a

(1 = Pywr = Sluler) = ex] + U(d") = ¢, (38)

where ¢, is equilibrium consumption on odd dates given a rate of growth of the money
stock 7. If we reduce 7 to 1 so that v = 0, and we reduce consumption in both markets

by A1, the expected utility becomes:

_ @
2

2005, it is the Financial Commercial Paper with maturity 3-month, from the Federal Reserve Statistical

(1= pB)ws [u(Arer) = e1] + U(Arg") — ¢ (39)

Release.

The money supply is M1 in billions of dollars, December of each year, not seasonally adjusted. For
1929-58, it is from Friedman and Schwartz (1982, pp. 708-718, Column 7). For 1959-2005, it is from the
Federal Reserve Bank of St. Louis FRED Database.

For the period 1929-2005, nominal GDP is from the National Income and Product Accounts of the U.S..
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The welfare cost of having positive instead of zero inflation is the value A; = 1 — A; such
that w, = wy, i.e. agents would give up A percent of consumption to have zero inflation.
Similarly, if we reduce 7 to 3 (the Friedman rule) and consumption by Ag, the expected
utility becomes:

(1= Bws = (e Bg) =+ U(Dsq") = ¢ (40)

The welfare cost of having positive inflation instead of implementing the Friedman rule
is the value Ag =1 — Ag such that w, = wg, i.e. agents would give up Ag percent of
consumption to be at the Friedman rule.

We find that for the representative agent ten percent inflation is worth less than 1%
of consumption: A; = 0.66% and Ag = 0.76% with linear disutility and Ay = 0.70%
and Ag = 0.79% with convex disutility. Now we proceed to study how different kinds of

heterogeneity affect the welfare cost of inflation.

5.1 Heterogeneity in trading shocks

In this section we investigate how heterogeneity in trading shocks affects the welfare cost
of inflation, given the environment described in Section 4.3.

From (3), (10), (17) and Lemma 2 the expected utility w;. for an agent of type j with
j=H,L given m > 1 is:

(1= Bwjr = F[ulcjx) = ¢jx)l + U(q*) — ¢*
(41)

+mjr(1 = 7) + (pmpz + (1= p)mpz)(m — 1)
where c¢j; and mj; denote consumption and money holdings respectively for an agent of
type j given mw. The first and the second term in (41) are analogous to the ones in (38),
but there are also two new terms. Specifically, m;(1 — 7) is the inflation tax levied on
an agent of type j, whereas (pmpy, + (1 — p)mp,)(m — 1) is the government’s lump-sum
transfer received by the same agent and it is a weighted average of money holdings of type
H and type L agents. Therefore, we can interpret m (1—m)+(pmpr+(1—p)mp-)(m—1)
as an overall inflation subsidy from type H to type L agents. Note that this term does not
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appear in (38) because in the case of a representative agent the inflation tax m,(1 —7) is
exactly offset by the lump-sum transfer m (7 — 1).

If we reduce 7 to 1 and consumption by A j1 the expected utility of an agent j becomes:

(1 - Bywji = ZlulBjiej1) — ep) + U(Ajig") —q' (42)

2
If 7 = 1 the inflation rate is zero and therefore agents are not subject to the inflation
tax, i.e. m;1(1 — ) = 0. Since the money stock is not growing, government lump-sum
transfers are also equal to zero, i.e. (pmpg1 + (1 — p)mp1)(m — 1) = 0. The welfare cost
of having positive instead of zero inflation for an agent j is the value Aj; =1 — Ajl such
that wjr = wj1, i.e. he would give up Aj; percent of consumption to have zero inflation.

If instead we reduce 7 to 3 (the Friedman rule) and consumption by Aj 3, the expected

utility becomes:

(1= Bwys = Llu(cBys) - ]+ U(aBga) — (43)
We know from Lemma 2 that if 7 = 3, m; converges to the efficient quantity m* for
j = H,L and therefore the inflation tax m*(1 — 7) is exactly offset by the lump-sum
transfer (pm* + (1 — p)m*)(m — 1). So, the third and the fourth elements in (41) don’t
appear in (43) either. The welfare cost of having positive inflation instead of the Friedman
rule for an agent j is the value Ajz =1 — Ajg such that wj, = wjg, i.e. he would give up
Az percent of consumption to be at the Friedman rule.

In order to measure the effects of heterogeneity in trading shocks on the welfare cost
of inflation, we proceed as follows. First, since we are considering agents with identical
preferences we keep (a, A) = (0.59,2.05) from the representative agent case. Second,
we use a mean preserving spread on «, i.e. we maintain the average friction « constant
by considering linear combinations of ay and aj such that payg + (1 — p)ay = 0.21.
In particular, we consider an economy with the same proportion of type H and type L
agents, i.e. p = 0.5 and 0.5ay + 0.5a;, = 0.21. As determining oy, necessarily pins down
ap, we can conduct our analysis in terms of ary,.

We find that the welfare cost of inflation increases with the probability of trade.

Therefore, as long as ay > ay the welfare cost of inflation is higher for type H agents.
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This is not surprising and it happens because if ayg > ay type H agents have higher
money balances than type L agents to finance their higher consumption needs.

What is surprising, instead, is that positive inflation can even be welfare-increasing
for agents with very low consumption risk, i.e. ay, close to zero. The reason this happens
is that since 0.bap + 0.5a;, = 0.21, when «y, is close to zero then aj is close to its upper
bound. Therefore, type L agents save with very little as their probability of consumption
is very low. Type H agents, instead, have a relatively high probability of consumption
and therefore they bring a lot of money into the first market to support their consumption
needs. As a consequence, type H agents are forced to pay an inflation tax m,(1—7) that
is much higher than the lump-sum transfers they receive, i.e. mg,(1 — ) + (0.5mp, +
0.5mr)(m — 1) < 0. Conversely, the government lump-sum transfers received by type
L agents are much higher than the inflation tax they have to pay, i.e. mp.(1 —7) +
(0.5mpy + 0.5mp.)(m — 1) > 0 and type L agents can be made better off by inflation.
This can be seen in Figures 1 and 2 where we plot Ajl and Ajg against the probability
of trade for type L agents.

5.2 Heterogeneity in time preferences

In this section we study how heterogeneity in time preferences affects the welfare cost of
inflation, given the environment described in Section 4.4.
In this case, the expected utility for an agent of type j with j = H, L given m > 1 is:

(1- 6j)wj7f = %[u(cjﬂ) —cjzl +U(q") — ¢
(44)

+mjr(1 —m) + (pmpx + (1 — p)mpz)(m — 1)

Note that as opposed to (41) now agents face identical trading shocks and differ with
respect to their discount factors. If we reduce 7 to 1 and consumption by A j1 the expected

utility of agent j becomes

@
(1= Bj)wj = 5 [u(Bjicjn) = enl + U(Bjg") = ¢, (45)
where both inflation tax and government lump-sum transfers are equal to zero. If we
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reduce 7 to By% and consumption by AHQH, the expected utility for type H agents
becomes:
(1= Bu)wnsy = $u(Aug,c?) — T+ U(Bps,q") —q*
+Anp,m (1= By) + (PAug,m* + (1 = p)Arg,mrs, ) (By — 1)
(46)
Note that if 7 = § patient agents achieve the efficient allocation whereas impatient ones
are liquidity constrained, i.e. mrg, < m* and cp5, < c*. Note also that m*(1 — ) > 0
as the value of money holdings increases with deflation, and (pm*+(1—p)mrg,, )(Bg—1) <
0 as the government needs to withdraw money from the system in order to implement a
deflationary policy.
Similarly, if we reduce 7 to 3y and consumption by A L, the expected utility for

type L agents becomes:

*

(1= Brwrs, = §lu(Ars,crs,) = crs,] +U(ALs,a*) —q
+ALg,mip, (1= Bu) + (PAug,m* + (1= p)Arg,mup,, ) (B — 1)
(47)
The definitions of Aj; and Ajg,, are standard.

In order to quantify the effects of heterogeneity in time preferences on the welfare
cost of inflation, we proceed as follows. First, we keep the calibrated parameters (a,
a, A) = (0.21,0.59,2.05) from the representative agent. Then, we use a mean preserving
spread on 3, i.e. we keep the average discount factor constant at 0.96 and look at different
combinations of Gy and () such that pBy + (1 — p)B; = 0.96. Specifically, we consider
an economy with the same proportion of type H and type L agents, i.e. p = 0.5. We
keep By and (3; within intervals that are considered reasonable according to the studies
surveyed in Frederick et al. (2002). As determining 3; necessarily pins down (3, we can
conduct our analysis in terms of G;.

We find that as long as B; < [y the welfare cost of inflation is higher for type H
agents as they hold higher money balances. We also find that the welfare cost of inflation

5We know from Boel and Camera (2006) that discounting disparities in equilibrium impose the restric-

tion m > By.
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for impatient agents increases with 3;. This is due to the fact that a higher 3; implies
a lower shadow interest rate i and therefore higher money holdings mj and a higher
inflation tax mp,(1 — ).

The result is somewhat different for the case of type H agents, as we find that their
welfare cost of inflation is non-monotonic in ;. The intuition is the following. Given that
our analysis is conducted under the assumption of a constant average discount rate, when
B, increases then [y must necessarily decrease. This leads to a higher shadow interest
rate i for type H agents, thus implying a higher opportunity cost of holding money and
lower money holdings my. On the intensive margin, this leads to lower consumption cp
and therefore a utility loss. On the extensive margin, instead, consumption ¢y increases
because the inflation subsidy from type H to type L agents mp,(1 — ) + (pmpg. + (1 —
p)mrz)(m—1) decreases. We find that for high values of 3 the intensive margin dominates
the extensive one, hence the increasing welfare cost of inflation. As [ decreases, the

extensive margin prevails and the welfare cost of inflation starts decreasing for type H

agents. Figures 3 and 4 illustrate our results.

5.3 Heterogeneity in disutility from production

In this section we investigate how heterogeneity in disutility from production affects the
welfare cost of inflation, given the environment described in Section 4.5.

We proceed as follows. First, since agents have identical preferences and face identical
trading shocks we keep @ = 0.38, 6 = 0.96, a = 1.00, and A = 3.18 as in the case of a
representative agent with convex disutility from labor. Second, as agents face different
disutilies from labor, we let ¢;(y) = % with j = H,L and 6y < ¢1. In our quantitative
analysis, we use a mean preserving spread on & by considering linear combinations of
0 and d7 such that pdg + (1 — p)dr, = 4.45, i.e. we keep the elasticity of labor of
the representative agent constant. Specifically, we consider an economy with the same
proportion of type H and type L agents, i.e. p = 0.5 and therefore 0.5 + 0.5 = 4.45.
We then use our parameters to determine the welfare cost of inflation. As determining dr,

necessarily pins down dz7, we can conduct our analysis in terms of dy..
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The expected utility for an agent of type j with j = H, L given 7w > 1 in this case is:
(1= Bwjr = Slulex) = pea] + §lpyjn — 05(Yjx)] + U(q") — ¢ (48)

The first and the second term in (48) represent surplus from trade in the first market for
a buyer and a seller respectively. Note that the seller’s surplus was zero in (38), (41) and
(44) as (unit) production costs were linear. The third term is the surplus from trade in
the second market. Note that neither inflation tax nor government transfers appear in
(48). This is because agents of type L and H have the same money holdings and therefore
the inflation tax is exactly offset by government transfers.

If we reduce 7 to 1 and consumption and income by Ajl the expected utility of an

agent j becomes
(1=PBwjp = §u(Ajic1) — pAjier] + §[pAj1yn — ¢;(y0)] + U(Bjig*) — ¢*. (49)

In this case we have to reduce not only consumption ¢; on odd dates and ¢* on even dates,
but also the sellers’ income on odd dates pyj1. Moreover, we need to reduce the cost of
consumption on odd dates pc; as consumption itself decreases. Similarly, if we reduce 7 to

f3 (the Friedman rule) and consumption and income by A;z, the expected utility becomes
(1= Prwjp = §u(Bjpe*) = pAjse’] + §pAjsyis — ¢;(yp)l + U(Ajra") — ¢ (50)

The definitions of Aj; and Az are standard.

We find that the welfare cost of inflation is higher for agents of type H, i.e. agents
who face a lower disutility from production. This might seem surprising at first, as type
H and type L agents hold the same money balances in equilibrium. However, inflation
affects agents in two ways here. First, as soon as we diverge from the Friedman rule
agents are liquidity constrained and suffer a utility loss. Such loss affects them identically,
as they hold identical money balances. Second, the surplus from trade in market one
is higher for agents with a low disutility of production (type H). Thus, they have an
incentive to substitute labor effort from market 2 to market 1 in every period. As soon

as we diverge from the Friedman rule, underproduction occurs in market 1 and type H
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agents are affected the most by it, thus the higher welfare cost of inflation. Figures 5 and

6 illustrate our results.

6 Final remarks

We construct a monetary economy where agents hold cash to insure against consumption
risk, trade in large competitive markets, and are ex-ante heterogeneous in either their
matching profiles or discount factors. We demonstrate that, for some forms of hetero-
geneity, different agent types hold different money balances in competitive equilibrium.
We then calibrate the model for the U.S. economy and use it to quantify the welfare
cost of inflation. Even though at the aggregate level our estimates confirm the results
of previous work, we find that the distributional effects of inflation can be important.
Specifically, we find that positive inflation can be welfare increasing for agents with low
consumption risk. These agents save with little cash and enjoy low consumption, but
they pay a low inflation tax and receive high lump-sum transfers. As the opposite is true
for agents with a high consumption risk, we observe a redistribution of wealth via the
inflation tax. In the cases of heterogeneity in discounting and disutility from production,

different agents face different - but always positive - welfare costs of inflation.
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Appendix

The constrained-efficient allocation

When the social planner is subject to the same spatial and informational frictions of
agents, the planning problem corresponds to a sequence of static maximization problems
subject to the technological constraints.

Recall that we are assuming that the planner weighs each agent identically and that
the planner cannot recognize agents’ types. On each date agents have identical preferences
ex-ante and there is an identical proportion of buyers and sellers. Moreover, on each odd
date agents that are active can produce or consume with equal probability and the planner
maximizes expected utility of a representative agent, subject to technological feasibility.
Recall that in the case of heterogeneity in trading shocks or time preferences, agents have

identical and linear disutility from production. Hence, the planner’s problem is:

maxey glu(c) —y]
s.t. c=y
When instead agents differ in their disutilities from production, the social planner

problem becomes

maxey gp[u(c) =y (y)] + 3(1 - p)lule) — ¢ (y)]
s.t. c=1y
On each even date the problem to be solved is the same for all three cases of hetero-
geneity:
max,, U(q)—x
s.t. qg==x
Hence, the constrained-efficient allocation is stationary across trading cycles, i.e. ¢; =

y; = c¢* and ¢; = x; = ¢ for each type j in each cycle t.
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Type shocks
We now consider the case in which agents receive a type shock in each period. Specif-
ically, an agent is of type H with probability p and of type L with probability 1 — p.

Everything else in the economy is identical to the case in which agents’ types are fixed.

Heterogeneity in trading shocks
Agents receive a type shock at the beginning of each odd date. Before knowing the
type shock he’ll receive, each agent has a probability p of being of type H and a probability
1 — p of being of type L. As in the case of fixed types, type H and type L agents have
respectively a probability ag and ay of meeting a counterpart, with 0 < ap < ag < 1.
At the start of an even date, the agent’s problem can be represented as follows:

W;(mj ) = max, {U(qj) —qj —mm +mj+ 7+ BEV(m/)} (51)
VELLLE

and (7), (8) and (9) still hold. Note that at the end of the second market agents do not
know their type for the following cycle and therefore they all choose the same money

holdings m' based on the expected continuation utility EV (m/):
EV(m) = pVir(m) + (1 — p)Vi(m) (52)

Given that we are focusing on monetary outcomes, i.e. m’ > 0, we must have

1= 8« OEV (m') (53)

om’

The intuition for (53) is analogous to the one for (11).
After an agent realizes his type shock j, his expected lifetime utility of entering a

period with m must satisfy:

Vj(m) = max,eo,m) 5 [u(c;) + W;(myp)]

(54)
+ maxy; %[_(bj (yj) + Wj (mj,s)] + (1 - aj)Wj (mj,n)

The seller’s problem is analogous to the case of fixed types and (14) still holds. Goods

market clearing for odd dates is identical to (21).
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The buyer’s problem is similar to the case of fixed types, except for the fact that
money holdings m do not depend on the agent’s type, i.e. m;j, = m — pc;, so that (15)
and (16) still hold.

To find the optimal cash holdings of an agent j we must calculate the expected marginal

EV(m).

value of holding money, BBT

OB n) —  p2Em) (1 — p) 2L (55)

where algélm) satisfies (19) for j = H, L.

Now we can calculate the equilibrium marginal value of money. Specifically,

OEVIm) —  pl1 4 4t (o (enr) — 1)) 4 (1 — p)[1 + % (' () — 1) E]

where % = 1 for j = H, L if the agent is liquidity constrained, and zero otherwise. It
follows that E'V(m) is strictly concave in cash holdings if at least a buyer is liquidity

constrained, and linear otherwise:

OEV (m) pll+ L (u (cr) = V)] + (1= p)[1 + %/ (cp) —1)]  ifm<m*

om .
1 otherwise

(56)

Given an outcome with m > 0, the agent’s optimal portfolio choice must satisfy

1=

3@

(o[l + 24 (! (car) — D] + (1= p)[1 + % (' (ez) — D]} (57)
the intuition for which is analogous to the one for (22).

Goods market clearing on even dates is identical to (24). Given that all agents have
identical money holdings, (4) becomes

M
— =m. 58
D2 ( )

The definition of equilibrium is analogous to the layout of Definition 1 with the obvious
modification. That is, we must account for equations (51), (52), (54), and (58).

In this environment, we again obtain a result identical to Lemma 1, i.e. in a stationary
monetary equilibrium we must have we must m > 3. Therefore, we prove the following

result.
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Lemma 4 If 7 > 3, then ¢, < ¢® and ¢y < c*. If 7 — (3, then ¢, — ¢* and ¢ — c*.

Proof. From (57) we know that if m > 0 then % = %p(u (cq)—1)+%(1—p)(u' (cp)—
1). Note that 7 > /3 is necessary from Lemma 1. If 7 > 3, then “Zp(u’ (cg) — 1)+ (1 —
p)(W (cr) — 1) > 0. Since my = my = m, then v’ (cy) > 1 and ' (¢z) > 1. This implies
cy < c® and ¢f, < c*.

As m — [ then v/ (¢g) — 1 and ' (¢) — 1. Therefore, m — m*, cg — ¢* and
¢, — ¢ and neither type of agent is cash constrained. Thus, the Friedman rule can
achieve the efficient allocation. Existence easily follows from inspection of the individual

optimality and market clearing conditions.ll

Lemma 4 has several implications. First, away from the Friedman rule all agents are
cash-constrained. Remember that in this environment all agents carry the same money
holdings m since they don’t know their type for the following periods. Second, as m — 3
money holdings m converge to m* and therefore neither type L nor type H agents are

cash constrained, i.e. cg — ¢* and ¢;, — ¢*.

Heterogeneity in time preferences

Agents receive a type shock at the end of each even date, after choosing their money
holdings for the next period. Before knowing the type shock he’ll receive, each agent has
a probability p of being of type H and a probability 1 — p of being of type L. As in the
case of fixed types, type H and type L agents discount the future at rate By and [

respectively, with 0 < 8, < By < 1.The agent’s problem at the start of an even date is:

W;(mj i) :q_malzéo {U(gj) — qj — 7m/ +mj + 71+ BEV(m/)} (59)
5T =2

where 3 = pBy + (1 — p)B, and (7), (8) and (9) still hold. Now we can calculate the
equilibrium marginal value of money. Specifically, (56), holds with ay = af = a. Given

an outcome with m > 0, the agent’s optimal portfolio choice must satisfy

1=

3 [@!

{pll+ 5 (' (cr) = D]+ (1 = p)[1 + §(w/(cr) — D]} (60)

for which the intuition is analogous to the one for (26).
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Goods market clearing on even dates is identical to (28). Given that all agents have
identical money holdings, (58) still holds. The definition of equilibrium is analogous to
the layout of Definition 1 with the obvious modification. That is, we must account for
equations (51), (54), (52) and (58).

In this environment, we again obtain a result identical to Lemma 1, i.e. in a stationary
monetary equilibrium we must have we must w > 3. Therefore, we prove the following

result.

Lemma 5 Consider m > 3. Then ¢, = cy < ¢*. If 7 — B3, then ¢, — ¢} and cy — .

@I

Proof. From (60) we know that if m > 0 then ”% =[pl+ S (cy) -]+ A -p)[1+

2(u'(cr) —1)]]. Note that 7 > 3 is necessary. If 7 > 3 then we know that u/(cy) > 1 and

u/(cp) > 1 and both types of agents are cash constrained. Since my = my = m, then
cyg =cp <c*. Asm — Bthen v’ (cy) — 1 and ' (cp) — 1. Therefore, m — m*, cy — c*
and ¢y, — ¢* and neither type of agent is cash constrained. Thus, the Friedman rule can
achieve the efficient allocation. Existence easily follows from inspection of the individual

optimality and market clearing conditions.ll

Lemma 5 has several implications. Remember that in this environment all agents
carry the same money holdings since the choice for m’ takes place before agents know
their type. First, if 7 > 3 then both types of agents are cash constrained. That’s because
m > [ implies % < % and therefore the real return on money is lower than the expected
desired return of agents. This implies that agents don’t carry enough money and they find
themselves cash-constrained in the following period. If # — 3 money holdings converge to
m™ and therefore neither type L nor type H agents are cash constrained, i.e. ¢y — ¢* and
cr, — ¢*. What is interesting is that in order to achieve the efficient allocation the real
return on money doesn’t need to match the desired return of agents after they know their
type. Since agents choose money holdings before knowing their type, what matters is that

the real return on money matches the expected desired return of agents. This ensures

that the opportunity cost of holding money is eliminated and agents choose m = m*.

Heterogeneity in disutility from production
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Agents receive a type shock at the beginning of each odd date. Before knowing the
type shock he’ll receive, each agent has a probability p of being of type H and a probability
1 — p of being of type L. As in the case of fixed types, production of y output generates
disutility ¢;(y) with j € {L, H} and ¢7(y) > ¢’y(y). As heterogeneity in this economy
only affects marginal production disutility, money holdings choices will not be affected by
the uncertainty faced by agents. That is, all agents still hold the same m at the beginning
of every period as in the case of fixed types. Therefore, Lemma 1 and Lemma 3 still
hold in this environment, i.e. allocations are inefficient away from the Friedman rule and

efficient when the Friedman rule is implemented.
Elasticity of disutility of labor and labor supply

In what follows we derive the relationship between elasticity of disutility of labor and
elasticity of labor supply with respect to the relative price. In our model the disutility of

labor is ¢(y) = % so the elasticity is

o BW/0) _doly) v vy s
Y dy/y dy — oly) Y
Alternatively, recall that egisutility = dilnlff;y), since dIn¢(y) = %(yy))a d(lny) = %- We

have that the differential

J )
d1n ¢(y) = d(In %) = d(3Iny —1nd) = ~dy
and so we have egisutility = 0-
From the FOC of the producer (35) we have that ¢'(y) = p. Therefore, the labor

supply y(p) satisfies

1

Y’ =p=y(p) =pi1.

Using the same procedure as above the elasticity is

dy(p)/y(p) _ dny(p)

€labor supply = dp/p d lnp
Since dlnp = %dp and the differential
1 1 1
dlny(p) = d(lnps-T1) = d(5 1 Inp) = 51 % ];dp
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we have

dlny(p) 1

dlnp  §-1

€labor supply =

Elasticity of money demand
From (16) we must have pc = m, so the Euler equation (36) for the representative

agent becomes

Using the implicit function theorem we have

om/p _ _ _OFCy /00 1 20y
oi T OF()/o(m/p) — s ) T ad ()

Given pc = m and the market clearing condition ¢ = y, the elasticity becomes

209" (y) o, i _ 2i¢'(y) (61)

€money demand = au’(c) X pc — acu’(c)

In the case of linear disutility of labor, ¢'(y) = 1 and therefore (61) becomes —2

acu'(c) "
Moreover, from (36) we know that u/(c) = 2222, Given the functional form u(c) = ‘311::,
we have that
a |1
= a 62
¢ (2i + a) (62)

and (61) becomes

24
T a(2i+ )
5—1.

€money demand =

In the case of convex disutility of labor, ¢'(y) = y Given the market clearing

" _ 2 5—1 u’(c) 2+
condition y = ¢, (61) becomes #,/(C) Moreover, from (36) we know that T = e
Given the functional form u(c) = Cll%:, we have that

a 1
= a1 63
¢ (21' + a) (63)
and (61) becomes
29

€money demand =

a(2i+ )

Money demand ratio
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We know from (37) that L = and from (16) we must have pc = m. Since in

_m_

SpctA

the case of linear disutility of labor p = 1, (37) becomes L = w7 with ¢ = ( « from
2

(62).

2’[1(1)

In the case of linear disutility p = ¢'(y). Since ¢'(y) = y°~! given the functional

form chosen for the disutility of labor and y = ¢ from the market clearing condition, (37)
1

becomes L = )o+e=T1 from (63).

C(S 3 _ (e
T With e = (555
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Welfare Cost of Inflation for Type H and Type L Agents
(from 0% to 10% Inflation)
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Figure 1: Welfare cost (zero inflation), heterogeneity in trading shocks

Welfare Cost of Inflation for Type H and Type L Agents
(from Friedman rule to 10% Inflation)
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Figure 2: Welfare cost (Friedman rule), heterogeneity in trading shocks
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Welfare Cost of Inflation for Type H and Type L Agents
(from 0% to 10% Inflation)
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Figure 3: Welfare cost (zero inflation), heterogeneity in discounting

Welfare Cost of Inflation for Type H and Type L Agents
(from Friedman Rule to 10% Inflation)
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Figure 4: Welfare cost (Friedman rule), heterogeneity in discounting
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Welfare Cost of Inflation for Type H and Type L Agents
(from 0% to 10% Inflation)
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Figure 5: Welfare cost (zero inflation), heterogeneity in disutility from production

Welfare Cost of Inflation for Type H and Type L Agents
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Figure 6: Welfare cost (Friedman rule), heterogeneity in disutility from production
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