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Second-order Effects in NMR.

A Brief Introduction to Matrix QM.

Here we focus on a specific problem, to understand the problem, of course, but more importantly to give a brief introduction to an extraordinarily powerful technique for solving the Schrödinger equation, known as matrix QM.

First, what is the problem?  Recall (see handout) the proton NMR spectrum of 2-bromo-5-chlorothiophene:
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The molecule has two protons, chemically (and magnetically) inequivalent.  So we expect the proton spectrum to exhibit a doublet of doublets…
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Examination of the spectrum shows that this is indeed the case.  But the 4 lines are not equally intense…WHY?  One can answer this question in a number of ways, but we choose here to use matrix QM to provide an explanation.

What is “matrix” QM?  Recall our QM recipe…to solve 
[image: image3.wmf]ψ

E

ψ

H

ˆ

=

,

· express E = T + V classically.

· convert E to 
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, using operator equivalents.

· assume a form for ψ, solve SEqn. for exact (or approx.) ψ, E, normalize ψ.

· compute eigenvalues of physical variables using expectation value expressions, etc.

We do the same thing in matrix QM, except that the method of solving the SEqn. Is different…and easier.  Instead of assuming a form for ψ, and solving the complicated differential equation, we

· choose a basis set of wavefunctions, φ
· use the basis to set up a matrix corresponding to the operator, e.g. 
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· if the matrix is non diagonal, we diagonalize it by applying a transformation T
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The diagonal elements are the eigenvalues!

· Apply the same transformation to obtain the eigenfunction Ψ!
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To illustrate how this works, consider the …thiophene problem.  The Hamiltonian is (freq. units, h = ħ = 1).  C & McL.
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Choose a basis set of spin wavefunctions for the two nuclei, A & B.  α or β for each , so form products…
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[Since A & B are distinguishable (different chem. shifts), we don’t have to worry about the Pauli principle.]  Next, we use these basis functions to set up an expression for the expectation value of the energy, in matrix form (Recall Hückel theory):
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where 
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Let us see what these matrix elements look like, in more detail.  To do this, it helps to write
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We then define the raising and lowering operators I+ and I¯; 
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These have the properties
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It is easy to show that
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so



[image: image16.wmf](

)

zB

zA

B

A

B

A

B

A

I

I

I

I

I

I

2

1

I

I

+

+

=

×

+

-

-

+


Now, consider the matrix element H11…
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Consider each of the four parts…
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So,
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Following a similar procedure, we obtain…
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which has the general form
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Now, there are two ways to solve this problem.  One is the secular equation approach; subtract E from each of the diagonal elements, set the determinant equal to zero, and find the roots, the energy eigenvalues E.
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, 
etc.
The second way is to diagonalize the matrix…the Heisenberg approach to QM.  The process of diagonalizing the matrix is completely equivalent to solving the Schrödinger equation.

In this case, our matrix is partly diagonal…H11 and H44 are not connected to any other zero-order state, so they must be energy eigenvalues.  H22 and H33 are not…

We want to find a coordinate transformation T that diagonalizes H…
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since the relevant part of H is a 2 × 2 matrix,
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we want the 2D transformation matrix T
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so
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The transformed 
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 is diagonal if
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This yields, for the required angle θ,
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The eigenvalues are:
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The same transformation can be applied to the wavefunctions, yielding
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We have thus demonstrated a general approach to solving QM problems.

Complete thiophene assignment, explain intensities, apply to other systems (e.g., 

CH2 = CF2).













(Ignore ^…).
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