Chemistry 342

Spring, 2005

The Rigid Rotor.

1. Classical description.

A rigid rotor is a dumbbell-shaped object consisting of two masses, m1 and m2, separated by a fixed distance r.
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In general, the rotational energy of any three-dimensional object can be written as
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Here, ωx, etc., are the angular velocities of rotation and Ix, etc., are the moments of inertia, each referred to the principal axes of rotation.

For our dumbbell, if we assume that m1 and m2 are point masses, then

[image: image40.wmf]x

m

1

m

2

z

y

r

1

r

2



     
[image: image2.wmf]2

2

2

2

1

1

x

z

y

x

z

y

x

r

m

r

m

I

0

I

,

I

I

0

ω

,

ω

ω

+

=

=

=

=

=


If the origin of the coordinate system is located at the center of mass, then we can also write
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From this we see that the rotational motion of our “dumbbell” can also be described as the rotational motion of a mass μ, which is located at a distance r from the center of a spherical polar coordinate system.  So
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particle on a ring, on a sphere.

Since 
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, where 
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 is the angular momentum of the object, we can also write
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2. Quantum mechanical description.

To describe the system by QM, we need the operator equivalent of 
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.  This is, in polar coordinates (see EWK)
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So, 
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 is the QM analog of the classical energy.  The equation we now want to solve, 
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, is specifically
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(A)

where 
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.  Note that Eq. (A) is, again, a second-order differential equation, so that we must use some trick to solve it.  The “trick”, in this case, is called the separation of variables technique.  Suppose we assume that ψ, which is clearly a function of θ and φ, can be written as a product of two functions each of which depends on only one of the variables.  For example, 
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(B)

For this to be a satisfactory form of solution, it must satisfy Eq. (A).  To see if it does, let’s just substitute (B) into (A) and examine the consequences.

The “consequences” are very interesting.  It is not hard to show (try it!) that Eq. (A) can be separated into two equations, each of which depends on only one variable!  The two equations are…
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Now, instead of having to solve one equation in two unknowns, we have to solve two equations, each of which is an equation in only one unknown.  The latter task is much easier.

So, we first solve the “Φ” equation to determine its solutions, and the constant mℓ, and then we solve the “
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” equation to find its solutions.

The Φ equation.

This part is easy.  We have
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Again, this is similar to (but not identical to) the free particle equation.  Its solutions are of the form 
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If normalized, these become



[image: image20.wmf]ï

ï

þ

ï

ï

ý

ü

=

=

±

±

=

=

φ

i

m

m

e

π

2

1

)

φ

(

Φ

π

2

1

)

φ

(

Φ

1

0

l

l


The
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equation.

This is more difficult.  We begin by making the substitutions


w = cosθ      ,      G(w) = 
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 (cosθ).

Then, the
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 equation becomes
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This equation is identical to the associated equation of Legendre, which is 
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if we make the identifications P = G and β = ℓ(ℓ+1).  The solutions, P, of this equation require that ℓ be an integer; ℓ = 0, 1, 2 …

Eigenfunctions.
The associated Legendre polynomials are of the form
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where k is an index, running from 0 to ℓ/2 if ℓ is even, and from 0 to (ℓ-1)/2 if ℓ is odd.  We can generate the related functions, 
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Again, these functions are not complicated, at least for small ℓ.  For example,
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If normalized, according to the relation
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These become
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The complete wavefunctions for the rigid rotor, known as the spherical harmonics, are (w/normalization)
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where
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The first few of these are
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See the text (Figs. 12.32 and 12.33) for pictures of these.

Eigenvalues.
We already have enough information to determine the allowed energy levels of the QM rigid rotor.  Since
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we have
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Comparison of this result with the classical one shows that 
[image: image37.wmf]2

L

, the magnitude of the angular momentum squared, is equal to ℓ(ℓ+1)ħ2 and is quantized.  So also is the energy.  The energy level diagram is












Note that the levels are not equally spaced, and that the lowest level has zero energy (unlike HO).
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It helps to recall that


 e±iφ = cos φ ± i sin φ
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