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Marcoux, L.W. (3-WTRL-PM); Radjavi, H. (3-WTRL-PM)
AKadison transitivity theorem forC

∗-semigroups. (English summary)
J. Funct. Anal. 254 (2008), no. 1, 246–266.

The Kadison transitivity theorem for C∗-algebras asserts that a closed, self-adjoint, topologically
transitive algebra of operators on a Hilbert space is actually strictly transitive. The authors show
its analog for multiplicative semigroups: if a closed, homogeneous, self-adjoint, topologically
transitive semigroup of operators acting on a separable Hilbert space contains a nonzero compact
operator, then it is strictly transitive. Examples are also given to demonstrate that the result is the
best possible.
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Approximate permutability of traces on semigroups ofmatrices. (English summary)
Oper. Matrices 1 (2007), no. 4, 455–467.

It is known that if trace is permutable on a semigroup S of complex matrices, i.e., tr(ABC) =
tr(BAC) for all A,B, C ∈ S, then S is triangularizable. The authors study an approximate ver-
sion of this condition: |tr(ABC −BAC)| ≤ ερ(A)ρ(B)ρ(C) for all A,B, C ∈ S, where ρ is
the spectral radius. They show that this condition with ε < 3 yields commutativity for compact
groups and triangularizability for certain groups including connected ones. For general semigroups
additional assumptions are needed. Moreover, the authors also show that any property on semi-
groups of matrices that satisfies certain pretriangularizing conditions yields similar conclusions.
Infinite-dimensional cases are also discussed.
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Topologically transitivematrix semigroups. (English summary)
Oper. Matrices 1 (2007), no. 2, 165–179.

The authors of the paper under review study multiplicative semigroups of n×n matrices (real or
complex) and find conditions under which a topologically transitive semigroup must be transitive.
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SemitransitivityWorkingGroup at LAW’05
Semitransitive subspaces ofmatrices. (English summary)
TheWorking Groupwas coordinated byHeydar Radjavi and its members were: Janez Bernik,
RomanDrnovšek, DonHadwin, Ali Jafarian, Damjana Kokol Bukovšek, Tomaž Košir, Marjeta
Kramar Fijavž, Thomas Laffey, Leo Livshits,MitjaMastnak, RoyMeshulam, VladimirMüller,
Eric Nordgren, Jan Okniński, Matjaž Omladič, Ahmed Sourour and Richard Timoney.
Electron. J. Linear Algebra 15 (2006), 225–238 (electronic).

A set of matrices S ⊆Mn(F) is said to be semitransitive if for any two nonzero vectors x, y ∈
Fn, there exists a matrix A ∈ S such that either Ax = y or Ay = x. This paper investigates
the structure of semitransitive linear subspaces L of Mn(F). Some results of note: such an L
has a cyclic vector, and such an L contains an invertible matrix when |F| ≥ n. The paper also
investigates minimal semitransitive linear subspaces and triangularizable semitransitive linear



subspaces. Some results of note in these cases: there exist minimal such L which are intransitive,
and every such triangularizable L contains a nonzero nilpotent.
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Schur algebras over function algebras. (English summary)
Houston J. Math. 30 (2004), no. 4, 1195–1217 (electronic).

In [L. Livshits, S.-C. Ong and S. W. Wang, Integral Equations Operator Theory 41 (2001), no. 3,
343–359; MR1853675 (2002f:46087)] the authors of this paper extended the classical theorems
of duality among the compact operatorsK(H), the trace class operators (T(H)) and the bounded
operators B(H) to the setting where B(H) is replaced by the absolute Schur algebra Ar(C) of
matrices A = [ajk], over the complex field C.
In this paper the authors further extend the above results to matrices over a commutative C

∗-
algebraB. The main theorems are the following.
Theorem 3.4: Ar is a Banach algebra under the Schur product and the norm � · �r, where Ar

is the space of matrices A = [ajk] with ajk ∈B such that the matrix [|ajk|r] defines a bounded
operator on l

2(B) and the norm is given by �A�r = �[|ajk|r]�
1
r .

Theorem 4.5: (Kr)#—the dual of Kr—is isometrically isomorphic toM(Ar
, (AS)), where Kr

denotes the closure in Ar of the set of matrices with finitely many nonzero entries in B, (AS)
denotes the space of matrices over the complex field with absolutely summable entries, and
M(Ar

, (AS)) is the space of matricesϕ = [ϕjk]with entries in the dual ofB such that [ϕjk(ajk)] ∈
(AS).
Theorem 5.1:Kr cannot be the dual of a Banach space.
Theorem 5.3: Assume that the maximal ideal space of B is hyperstonian (so that B = C(X)
has a predual). Then Ar is the dual of M(Ar

, (AS))#, where M(Ar
, (AS))# is the linear space

consisting of the matrices B = [bjk] with entries in L
1(X, M) such that

ΨB(A) =
��

X

ajk(t)bjk(t)dµ(t)
�
∈ (AS), ∀A ∈Ar

.
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Ondecomposability of periodic semigroups of non-negativematrices.
Linear Algebra Appl. 383 (2004), 163–174.

In this paper, the author proves the following result: Let r and n be two positive integers. There
exists an indecomposable semigroup S having r as the smallest rank of matrices in S and satisfying
the equationX

n+1 = X if and only if every prime divisor of r divides n. The author observes that
this answers a question posed by H. Radjvi in 1999 as to whether there is a common zero entry in
a semigroup of non-negative matrices satisfying the equationA

n+1 = A. The author derives some
further combinatorial consequences of his result.
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Operator semigroups for which reducibility implies decomposability. (English summary)
Positivity 7 (2003), no. 3, 195–202.

The authors study invariant subspaces for multiplicative semigroups of operators on L
p-spaces

(1≤ p <∞) which are closed under multiplication on the left or right by bounded multiplication
operators. They show that such a semigroup has a nontrivial invariant band provided it has a non-
trivial invariant closed subspace. As an application they give a simple proof of the known theorem
that a semigroup of positive compact quasinilpotent operators on aL

p-space has a nontrivial invari-
ant band. This result was simultaneously given in the monograph of H. Radjavi and P. Rosenthal
[Simultaneous triangularization, Springer, New York, 2000; MR1736065 (2001e:47001)], and
for the case of general Banach lattices in the paper by the reviewer [Integral Equations Operator
Theory 39 (2001), no. 3, 253–266; MR1818060 (2001m:47012)].
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Matrix semigroups with commutable rank. (English summary)
Semigroup Forum 67 (2003), no. 2, 288–316.

A matrix semigroup S (over the complex numbers) has commutable rank if rank(AB) =
rank(BA) for anyA,B inS. S has permutable rank if rank(A1A2 · · ·An) = rank(Ai1Ai2 · · ·Ain

)
for any permutation i1, i2, . . . , in of 1, 2, . . . , n and any matrices A1, A2, . . . , An in S. Partial re-
sults are given for when commutability of rank implies permutability, and an example is given
of a commutable rank semigroup which does not have permutable rank. It is also shown that a
commutable rank semigroup is a semilattice of component semigroups.
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An irreducible semigroup of non-negative square-zero operators. (English summary)
Integral Equations Operator Theory 42 (2002), no. 4, 449–460.

A (closed) subspace M of a Banach space X is invariant under a multiplicative semigroup S of
bounded linear operators acting on X if A(M) ⊆M for every A ∈ S. An operator semigroup is
said to be irreducible if the only subspaces invariant under S areM = {0} andM = X. There are
a number of results in the literature devoted to the existence of invariant subspaces for semigroups
of operators, especially for semigroups of compact operators acting on Hilbert spaces. A recent
exposition of the theory is given in the monograph of H. Radjavi and P. Rosenthal [Simultaneous
triangularization, Springer, New York, 2000; MR1736065 (2001e:47001)]. The present paper
makes important, interesting contributions to this literature in two ways: first by resolving an



open question about the existence of irreducible semigroups of nilpotent operators of bounded
order of nilpotency, and second by illustrating how some fundamental results about semigroups
of compact operators cannot be extended, even under quite strong algebraic assumptions, to
noncompact operators.
The authors initially consider nonnegative operators on the Banach space L

p(X, µ) of p-
integrable complex-valued functions on a measure space (X, µ), where p ∈ [1,∞). (If one defines
f ≥ 0, for f ∈ L

p(X, µ), to mean f(x) ≥ 0 for almost all x ∈ X , then a bounded linear opera-
tor A acting on L

p(X, µ) is said to be nonnegative if Af ≥ 0 for every f ≥ 0.) The main result
of the paper, Theorem 2.7, is a construction of a multiplicative semigroup S of nonnegative op-
erators acting on L

p(X, µ), where (X, µ) is a separable nonatomic σ-finite measure space, such
that (i) A2 = 0, for every A ∈ S, and (ii) the linear span of {Ag : A ∈ S} is dense in L

p(X, µ) for
every nonzero g ∈ L

p(X, µ). Put in the language of invariant subspaces, Theorem 2.7 establishes
the existence of an irreducible semigroup of nonnegative square-zero operators.
A celebrated theorem ofY. V. Turovskiı̆ [J. Funct. Anal. 162 (1999), no. 2, 313–322;MR1682061
(2000d:47017)] states that every semigroup of compact quasinilpotent operators on a Banach space
has a nontrivial invariant subspace. A stronger algebraic assumption that one might impose on a
semigroup S of quasinilpotent operators is that the operators be in fact nilpotent and, moreover, that
there exist a positive integer k such that Ak = 0 for all A ∈ S. For such semigroups of nilpotents,
it is natural to ask whether Turovskiı̆’s theorem might hold without assuming that the operators be
compact. The answer, however, is no, as Theorem 2.7 of the present paper demonstrates.
The paper also sheds light on the role of the measure space (X, µ) for questions about invariant
subspaces. In the proof of the main result, for instance, the Lebesgue density theorem and a version
of the fundamental Theorem of calculus for Lebesgue integrals have a key role. Furthermore, the
assumption in Theorem 2.7 that (X, µ) be nonatomic is crucial, for a theorem of M. D. Choi et al.
[Indiana Univ. Math. J. 42 (1993), no. 1, 15–25; MR1218704 (94e:47009)] implies that if (X, µ)
has an atom and if S is a multiplicative semigroup of nonnegative quasinilpotent operators acting
on L

p(X, µ), then S has a nontrivial invariant subspace.
Reviewed byDouglas R. Farenick
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The linear span of a band (a multiplicative semigroup of idempotent operators) is called a band
algebra. The present paper investigates a variety of properties of band algebras, usually acting on
complex Hilbert spaces.
An earlier paper of the authors [J. Operator Theory 40 (1998), no. 1, 35–69; MR1642522
(99m:47004)] demonstrates that every operator in a band algebra is algebraic. The present paper
establishes the converse, namely that a Hilbert space operator is algebraic only if it belongs to
some band algebra. A similar result holds for linear transformations acting on a vector space V

over a field F. Every linear transformation T in a band algebra acting on V is algebraic and the
minimal annihilating polynomial of T splits over F; conversely, an algebraic linear transformation
T on V whose minimal annihilating polynomial of T splits over F lies in some band algebra acting
on V .
There is no known characterisation of the subspace lattices that corresponds to the invariant-
subspace lattices of operator bands. Toward such a description, the authors determine which nests
M of closed subspaces of a Hilbert space do arise as the invariant-subspace lattice of a band
algebra. They prove that a nestM is the invariant-subspace lattice of a band algebra if and only if
each of the finite-dimensional atoms ofM has dimension 1.
A multiplicative semigroup S of operators is reducible if it leaves a nontrivial nonzero closed
subspace invariant; S is triangularisable if S leaves a maximal chain of closed subspaces invari-
ant. A striking theorem of R. Drnovšek [Studia Math. 125 (1997), no. 1, 97–99; MR1455626



(98e:47011)] shows that on every infinite-dimensional Hilbert space there is an irreducible band.
Thus, the authors of the present paper are led to formulate sufficient conditions for reducibility
and triangularisability of band algebras. For example, every band S satisfies [A,B]3 = 0, for all
A,B ∈ S, where [X, Y ] is the commutator [X, Y ] = XY −Y X . The present paper demonstrates
that if a band S contains a nonzero operator A different from the identity and such that [A,B]2 =
0 for allB ∈ S, then S is reducible. Several additional algebraic results bearing on reducibility are
also established.
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Banach space duality of absolute Schur algebras. (English summary)
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The main result of this paper is to show that the standard duality triple {K,C,B(l2)} is an operator
analogue of the duality triple {c0, l1, l∞}.
Given two matrices A = [ajk] and B = [bjk], the Schur product of A and B is A •B = [ajkbjk].
The absolute Schur rth power of A is the matrix A

[r] = [|ajk|r], � · � is the operator norm on the
Hilbert sequence space l2 and �A�r = �A[r]�1/r is a norm. Ar denotes the class of matrices A

such thatA[r] defines a bounded linear operator on l2; thenAr is a Banach algebra under the Schur
product operation and the norm � · �r.
Let K be the set of all compacts in B(l2), Cp be the Schatten p-classes, C1 be the trace class,
(AS) be the set of all absolutely summable matrices A = [ajk] such that

�
j,k

|ajk| < ∞. Let
M(Ar

, (AS)) denote the linear space of all matrices B such that A • B ∈ (AS) whenever A ∈
Ar.
Define �B�M(Ar,(AS)) = �ΨB�B(A�,(AS)), where ΨB(A) = A • B defines a bounded operator
from the Banach space (Ar

, � �r) to the Banach space ((AS), � �(AS)).
The authors finally identify the Banach space dual of Kr and the Banach space predual of Ar

with M(Ar
, (AS)). Thus the duality progression of the Banach algebra {Kr

,M(Ar
, (AS)),Ar}

imitates the duality progression {K,C1
,B(l2)}, and the classical sequential analogue {c0, l1, l∞}.
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n-transitivity and the complementation property. (English summary)
Linear Algebra Appl. 329 (2001), no. 1-3, 157–169.

The authors study the transitivity of certain semigroups of matrices over arbitrary fields. The rank
of a semigroup is defined to be the maximum rank of the elements of the semigroup. A semigroup
is said to be n-transitive if every set of n linearly independent vectors is taken everywhere by
the semigroup. The minimal semigroups of rank 1 that are transitive (i.e., 1-transitive) were
characterized in an earlier paper of the authors and co-authors [R. Drnovšek et al., Linear Algebra
Appl. 305 (2000), no. 1-3, 67–86; MR1733794 (2000i:20100)]. In the paper under review, the
problem of characterizing the minimal n-transitive semigroups of rank n is reformulated, and a
number of partial results are obtained.
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Cone-transitivematrix semigroups. (English summary)
Linear andMultilinear Algebra 47 (2000), no. 4, 313–350.

Summary: “Semigroups of matrices (over an ordered field) with nonnegative entries are consid-
ered. A complete characterization is obtained for the semigroups that are minimal transitive on the
positive (or nonnegative) cone of the underlying vector space. Consequently, an explicit form is
derived for the semigroups that are sharply transitive on the cone.”
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On operator bands. (English summary)
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Summary: “A multiplicative semigroup of idempotent operators is called an operator band. We
prove that for eachK > 1 there exists an irreducible operator band on the Hilbert space l

2 which is
norm-bounded byK. This implies that there exists an irreducible operator band on a Banach space
such that each member has operator norm equal to 1. Given a positive integer r, we introduce a
notion of weak r-transitivity of a set of bounded operators on a Banach space. We construct an
operator band on l

2 that is weakly r-transitive and is not weakly (r + 1)-transitive. We also study
operator bands S satisfying a polynomial identity p(A,B) = 0 for all non-zero A,B ∈ S, where p

is a given polynomial in two noncommuting variables. It turns out that the polynomial p(A,B) =
(AB−BA)2 has a special role in these considerations.”
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Mn(F) denotes the semigroup of all n×n matrices over a field F. A subsemigroup S ofMn(F)
is transitive if {T (x): T ∈ S} = Fn for all nonzero x ∈ Fn. A transitive subsemigroup ofMn(F)
is said to be left t-simple if it contains no proper transitive left ideals. In the main result of the
paper, the authors characterize the transitive left t-simple subsemigroups ofMn(F).
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Reducible semigroups of idempotent operators. (English summary)
J. Operator Theory 40 (1998), no. 1, 35–69.

This paper is concernedwith the existence of common invariant subspaces for semigroups of idem-
potent operators. In finite dimensions, every such semigroup is simultaneously triangularizable.
The question of existence of even one nontrivial common invariant subspace (i.e. reducibility)
is still open in infinite dimensions. This research contributes to the larger effort to find conven-
ient necessary and sufficient conditions for reducibility of semigroups within various classes of
operators [cf. H. Radjavi, J. Operator Theory 13 (1985), no. 1, 63–71; MR0768302 (86c:47056)].
The approach in this paper is from an algebraic point of view. Connections are exploited between
the operator structure and the component structure of equivalence classes of idempotents in the
semigroup (for the equivalence relation given by: a is equivalent to b if aba = a and bab = b).
The paper contains a wealth of results on this aspect of the algebraic structure, in general vector
space settings as well as in the Hilbert space setting. One such result is that semigroups (of



idempotent operators) with finitely many components are always reducible (with special block-
upper triangular structure). A powerful tool used to extend results to the unrestricted number of
components case is the existence (in the finitely many components case) of a uniformly bounded
non-negative integer valued “faithful” trace which extends linearly to a trace on the algebra
generated by the semigroup. One main result is that, if the (non-closed) span of a semigroup
of idempotent operators on a Hilbert space contains a compact operator, then the semigroup is
reducible.
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Continuity of Schur block-multiplicationmapswith respect to various topologies. (English
summary)
J. Operator Theory 34 (1995), no. 1, 17–56.

Write M∞ for the space of (infinite) complex matrices and BM∞ for the set of matrices corre-
sponding to bounded linear operators on the Hilbert space l

2. The Schur product is defined on
M∞ by multiplying matrices entrywise. Suppose A ∈M∞ is a Schur multiplier in the sense that
left Schur multiplication by A induces a linear transformation AΨ from BM∞ into itself. The fi-
nal corollary of the paper states that AΨ is strong–strong continuous (i.e. continuous when the
initial and final spaces are both equipped with the strong operator topology) if and only if it is
strong–weak continuous if and only if it is weak–weak continuous if and only if A has finite rank.
The body of the paper deals with the more general setting of block matrices equipped with
Schur-block multiplication. Continuity of AΨ is characterized in a variety of situations involving
the weak operator, strong operator, and norm topologies. It is still true that strong–weak and
weak–weak continuity coincide, but their relation to strong–strong continuity is more delicate.
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Anote on 0-1 Schurmultipliers. (English summary)
Linear Algebra Appl. 222 (1995), 15–22.

Summary: “We answer a question of Q. Stout about the role of the triangular truncation in
constructing 0-1 matrices that are not Schur multipliers. We also demonstrate that the triangular
truncation onM2 has the third smallest norm (after 0 and 1) that any map induced by a 0-1 Schur
multiplier can have.”
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Block-matrix generalizations of infinite-dimensional Schur products and Schurmultipliers.
(English summary)
Linear andMultilinear Algebra 38 (1994), no. 1-2, 59–78.

When a is a natural number or =∞, Ma denotes the space of a× a complex matrices. For such
a, b the space of a× a matrices (A[i, j])1≤i,j≤a with entries A[i, j] inMb is denoted byMa(Mb),
and its subspace consisting of those elements canonically identified with bounded linear operators
on the Hilbert spaceH ≡

�
a

i=1 l
2
b
is denoted by BMa(Mb), which becomes a C

∗-algebra.
When a, b <∞, generalizing the classical Schur product, R. A. Horn, R. Mathias and Y. Naka-
mura [Linear and Multilinear Algebra 30 (1991), no. 4, 303–314; MR1129186 (93b:15020)]
introduced a product operation � on Ma(Mb) by (A�B)[i, j] = A[i, j] · B[i, j], where · is the
usual matrix product. In the present paper the author investigates what happens when a =∞ or
b =∞. Here is a sample result. Each A ∈Ma(Mb) induces the left multiplication map A� on
Ma(Mb) by A�(T )≡A�T for T ∈Ma(Mb) and similarly the right multiplication map�A, pro-
vided required matrix multiplications in the definitions are well defined. The set of A for which
the left multiplication map A� leaves BMa(Mb) invariant is denoted by LSMa(Mb). Similarly,
RSMa(Mb) is defined by means of the right multiplication. The author proves that those two sets
coincide if and only if a or b is finite. But even when a = b = 2 the operator norm of A� is not
necessarily equal to that of �A.
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On the invertibility of themap T → STS

−1 + S
−1

TS and operator-norm inequalities.
(English summary)
Linear Algebra Appl. 183 (1993), 117–129.

For S normal, a necessary and sufficient condition for the invertibility of the map of the title is
found in terms of the spectrum of S. The same condition is shown to be sufficient for invertibility
in the case of any bounded S. In addition, there are several results on operators in the kernel of
the map in cases where it is not invertible. The proofs rely on Rosenblum’s theorem on operator
equations and some interesting computations.
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Locally finite-dimensional sets of operators.
Proc. Amer. Math. Soc. 119 (1993), no. 1, 165–169.

A set F of bounded operators mapping a Banach space V into a Banach spaceW is defined to be
locally finite-dimensional if the span of Fx is finite-dimensional for each vector x in the domain
space V . Obvious examples include: (1) finite-dimensional subspaces ofB(V,W ), (2) collections
of operators whose ranges are contained in a common finite-dimensional subspace ofW , and (3)
subsets of sums of the preceding two types. The main results of this paper show that these are the
only possibilities.
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